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Introduction

T HE unsteady aerodynamic analyses intended for turbo-
machinery aeroelastic and aeroacoustic predictions must

be applicable over wide ranges of blade-row geometries and
operating conditions and unsteady excitation modes and fre-
quencies. Also, because of the large number of controlling
parameters involved, there is a stringent requirement for com-
putational efficiency. To date these requirements have been
met only to a limited extent. As a result, aeroelastic and aeroa-
coustic design predictions are, for the most part, still based on
the classical linearized unsteady aerodynamic analyses devel-
oped in the early 1970s.

During the past decade, significant advances in unsteady
aerodynamic prediction capabilities have been achieved. In
particular, researchers have developed efficient linearized
analyses that account for the effects of important design fea-
tures, such as real blade geometry, mean blade loading, and
operation at transonic Mach numbers, on the unsteady aero-
dynamic response of the blading to imposed structural and
external aerodynamic excitations. The improvements in physi-
cal modeling that such linearizations allow are motivating their
current implementation into aeroelastic and aeroacoustic de-
sign prediction systems. Also, considerable progress has been
made on developing time-accurate Euler and Navier-Stokes
simulations of nonlinear unsteady flows through blade rows.
Although not yet suitable for design use, such analyses offer
opportunities for an improved understanding of the un-
steady aerodynamic processes associated with blade vibration
and noise generation. These recent advances in the theoretical
and computational modeling of turbomachinery unsteady flows
are reviewed in the present survey.
Blade Vibration and Noise Generation

The development of theoretical analyses to predict unsteady
flows in axial-flow turbomachines has been motivated primar-
ily by the need to predict the aeroelastic and the aeroacoustic

behaviors of the blading. For both applications, an unsteady
aerodynamic analysis is only one component of an overall
design prediction system. However, because of the complexity
of the unsteady fluid dynamic environment, this component
has generally been regarded as the one requiring the most
research attention.

Blade vibration and noise generation are both undesirable
consequences of the unsteady flow processes that occur within
an axial-flow turbomachine and are, therefore, important con-
cerns to the designer. Of the two, vibration problems have
received more attention because they can lead to a structural
failure of the blading and, possibly, extensive damage to the
engine. Although excessive noise can be disturbing and may in
the future limit access to certain airports, the associated pres-
sure fluctuations rarely threaten structural integrity.

Aerodynamically induced blade vibrations are usually classi-
fied into two general categories: flutter and forced vibration.
In the former, the aerodynamic forces that sustain the blade
motion are regarded as being dependent solely on that motion,
whereas in the latter, the aerodynamic forces that excite the
blade motion are independent of that motion. In both circum-
stances the vibratory motion of the blading can lead to fatigue
failure. In modern fans and compressors flutter can be en-
countered over a wide range of operating conditions. The com-
mon types have been designated as classical supersonic (un-
stalled) flutter, subsonic/transonic high-incidence (or stalled)
flutter, supersonic positive-incidence flutter, and negative-in-
cidence or choke flutter. Classical supersonic flutter can occur
at design operating conditions; the others occur at off-design
conditions, with subsonic/transonic positive-incidence flutter
having the highest frequency of occurrence.1'3 Because of per-
formance trends toward higher flow velocities, turbine flutter
has also become an important concern.

Destructive forced vibrations can occur in fan, compressor,
or turbine blading when a periodic aerodynamic excitation,
with frequency close to a structural system natural frequency,
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acts on the blades in a given row. Such excitations are usually
generated at multiples of the engine rotation frequency and
arise from a variety of sources, including inlet and exit flow
nonuniformities and the aerodynamic interactions that occur
between a given blade row and neighboring blade rows or
structural supports that move at a different rotational speed.
The two principal types of such interaction are usually referred
to as potential flow and wake interaction. The former is asso-
ciated with pressure variations that impinge on a given array
from upstream and/or downstream and is of serious concern
when the axial spacings between neighboring blade rows are
small or flow Mach numbers or excitation frequencies are
high. Wake interaction is the effect on the flow through a
given row of the wakes shed by one or more upstream rows and
can persist over considerable axial distances.

External aerodynamic excitations also contribute to the
noise generated by blade rows. Most of the research on turbo-
machinery noise has focused on the fan stage of modern high
bypass ratio engines because the fan controls fly-over noise on
landing approach and is a strong contributor along with jet
noise at takeoff.4 Typical spectra of the noise radiated from
the inlet and exit of a fan operating at subsonic tip speed show
tones at the rotor/stator blade-passing frequency and its har-
monics and broadband noise at a lower level elsewhere. At
supersonic tip speeds multiple pure tones or combination
tones, associated with rotor-locked leading-edge shocks, also
appear at the inlet at multiples of the shaft rotation frequency.
The primary mechanisms responsible for pure tone noise are
the wake and potential-flow interactions that occur between
the various elements of the fan, i.e., the rotor, the exit guide
vane (stator), and the supporting struts. Broadband noise is
generated by the interaction of random disturbances, e.g.,
those associated with inlet boundary-layer and rotor-wake tur-
bulence, with the downstream blading.

Unsteady Aerodynamic Analyses
The unsteady aerodynamic analyses intended for turboma-

chinery aeroelastic and aeroacoustic applications must be ca-
pable of predicting the aerodynamic responses of a blade row
to prescribed structural (i.e., blade motions) and external aero-
dynamic excitations. The latter include variations in total pres-
sure, total temperature, and static pressure at inlet and varia-
tions in static pressure at exit. For aeroelastic applications, the
unsteady loads that act on the vibrating blades must be deter-
mined. For aeroacoustic applications, the pressure waves that
carry energy away from the blade row are the response quanti-
ties of interest. Because of the large number of controlling
parameters involved, the analyses must be capable of provid-
ing the necessary aerodynamic response information both effi-
ciently and economically.

The unsteady aerodynamic analyses currently used in aero-
elastic and aeroacoustic design applications are based on clas-
sical linearized inviscid flow theory (see Whitehead5 for a
review), which essentially applies to lightly loaded thin-airfoil
cascades. Very efficient semi-analytic solution procedures
have been developed for two-dimensional, attached, subsonic
flows,6"8 high-frequency transonic flows,9 and supersonic
flows with subsonic10"14 or supersonic15 axial velocity com-
ponent. Models based on variations or extensions of the two-
dimensional classical linearization have also been developed to
treat separated subsonic flows16'17 and supersonic flows with
strong in-passage normal shocks.18 Finally, extensive efforts
have also been made to develop three-dimensional classical
linearized analyses, as reviewed by Namba.19

The classical two-dimensional subsonic and supersonic
analyses, supplemented by a good deal of empiricism, have
been used for most current designs. Those for supersonic flow
with subsonic axial velocity component have been very impor-
tant because they have been found to give conservative esti-
mates for the onset of supersonic unstalled torsional flutter in
fans. Classical analyses provide very efficient unsteady aero-
dynamic response predictions that are useful near design oper-

ating conditions, but they are not appropriate off design,
where blade loading effects are important, or for transonic
flows with embedded shock discontinuities.

To overcome the limitations of the classical model, while
retaining some measure of computational efficiency, general,
two-dimensional, inviscid, unsteady aerodynamic lineariza-
tions have been developed.20"22 Here, the unsteady flow is
regarded as a small perturbation of a fully nonuniform com-
pressible steady flow. Thus, the steady flow is governed by a
nonlinear equation set; the unsteady flow, by a system of
linear equations with variable coefficients that depend on the
underlying steady flow. Unsteady linearizations relative to po-
tential mean or steady background flows23'31 have received
considerable attention over the past decade, and linearized
Euler analyses32'33 are currently being developed to address
unsteady flows containing strong shocks. Although solutions
based on these analyses require significantly greater computing
times than classical solutions, the improvements in physical
modeling that they allow, coupled with advances in our ability
to resolve numerically the resulting governing equation sets,
are making this approach an increasingly attractive one for
aeroelastic and aeroacoustic design applications.

Although linearized inviscid analyses meet the needs of tur-
bomachinery designers for efficient unsteady aerodynamic re-
sponse predictions, they do not account for potentially impor-
tant unsteady flow phenomena, e.g., phenomena associated
with finite amplitude excitation, viscous-layer displacement
and separation, large shock excursion, etc. Thus, work has
been proceeding to develop time-accurate, nonlinear, inviscid
(Euler) and viscid (Reynolds-averaged Navier-Stokes) solution
techniques for unsteady flows through isolated and aerody-
namically coupled blade rows. Such analyses provide more
comprehensive physical modeling capabilities, but they also
require substantial computational resources.

Since the early 1980s, a number of Euler and Navier-Stokes
procedures have been developed to address flows through sin-
gle blade rows in which the unsteadiness is caused by blade
vibration34"43 or by aerodynamic disturbances at the inflow or
outflow boundaries44'45 and flows through aerodynamically
coupled blade rows in which the unsteadiness is caused by the
relative motions between the blade rows46"52 and by aerody-
namic disturbances at inlet.53"55 The research on isolated cas-
cades of vibrating blades has focused on fan and compressor
flutter applications. Here, the Euler or Navier-Stokes equa-
tions are solved on time-dependent grids that deform with the
blade motion. The methods for unsteady flows excited by
external aerodynamic excitations or by the aerodynamic cou-
pling between adjacent stationary and rotating blade rows
treat blades that are fixed in the stator or rotor frame of
reference. For the most part, such analyses have been applied
to study wake/turbine rotor, turbine stator/rotor, or combus-
tor hotstreak/turbine stator/rotor interactions.

This paper reviews the unsteady aerodynamic models that
are currently being developed for turbomachinery blade rows.
As a convenience, these models will be described for two-di-
mensional unsteady flows through isolated or single blade
rows. The extensions required to treat three-dimensional flows
and flows through coupled blade rows are, for the most part,
reasonably straightforward, at least conceptually. The reader
will determine that, although significant progress has been
made, substantial future research will be required before fully
acceptable unsteady aerodynamic analyses can be introduced
into the turbomachinery aeroelastic and aeroacoustic design
processes.

Unsteady Aerodynamic Problem
We consider time-dependent flow, with negligible body

forces, of a perfect gas with constant specific heats through a
two-dimensional cascade, such as the one shown in Fig. 1. The
unsteady fluctuations in the flow arise from one or more of the
following sources: blade motions, upstream total temperature
and total pressure disturbances, and upstream and/or down-
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Fig. 1 Two-dimensional transonic compressor cascade; A/+<»<
M_00<1.

stream static pressure disturbances that carry energy toward
the blade row. In the absence of unsteady excitation, the flow
far upstream from the blade row is assumed to be at most a
small steady perturbation from a uniform freestream. If the
underlying mean flow is essentially uniform, then any arbi-
trary unsteady aerodynamic excitation of small amplitude can
be represented approximately as the sum of independent en-
tropic, vortical, and acoustic disturbances that travel toward
the blade row, as indicated in Fig. 2.

In the present discussion all physical variables are dimen-
sionless, most vector quantities are in boldface type, and a
tilde over a dependent variable indicates time dependence.
Lengths have been scaled with respect to blade chord, time
with respect to the ratio of blade chord to upstream freestream
flow speed, density with respect to the upstream freestream
density, velocity with respect to the upstream freestream flow
speed, and pressure with respect to the product of the up-
stream freestream density and the square of the upstream
freestream speed. The scalings for the remaining variables can
be determined from the equations that follow, which are of the
same form as their dimensional counterparts.

The mean or steady-state positions of the blade chord lines
coincide with the line segments TJ = £ tan 9 + mG, 0 < £ < cosG,
ra = 0, ±1, ±2,.. . , where £ and r/ are coordinates in the axial
flow and cascade circumferential directions, respectively, m is
a blade number index, 0 is the cascade stagger angle, and G is
the cascade gap vector that is directed along the 17 axis with
magnitude equal to the blade spacing. The blade motions, i.e.,

(R(jc + mG, t) = Refr(jt)exp[/(«* + ma)]l, jc € B (1)

are prescribed functions of position x and time t. Here (R is the
displacement of a point on a moving blade surface ((Bw) rela-
tive to its mean or steady-state position (Bw), are prescribed
functions of position x and time t. The r is the complex ampli-
tude of the blade displacement, a is the phase angle between
the motions of adjacent blades, Re{ } denotes the real part of
{ }, and B denotes the reference (m = 0) blade.

The entropic, S-w(xt t), vortical, ?_a>(Jt, t), and acoustic,
P/,=FOO(#, t), excitations, where the subscripts - oo and + oo refer
to regions far upstream ( £ < £ _ ) and far downstream (£ > £+)
from the blade row, respectively, are also prescribed functions
of jc and t. The conditions at inlet and exit must be compatible
with the fluid dynamic field equations, and the prescribed

pressure disturbances must be of the type that carry energy
toward the blade row. Although more general situations can be
accommodated, here we assume that the external aerodynamic
excitations are steady in a reference frame that moves at con-
stant velocity FEXc in the rj direction. Therefore, in the blade-
row frame of reference, they are periodic in rj with funda-
mental wave number K1, = crG~{ and periodic in time with
fundamental frequency o> = — K^KEXO

The equations that govern the flow are determined from the
conservation laws for mass, momentum, and energy and the
thermodynamic relations for a perfect gas. To describe un-
steady flows it is convenient to express the conservation laws
relative to an arbitrary moving control volume v(t)9 which is
bounded by the moving control surface §(*, 0> i-e-»

<v
>\V <

(2)

(3)

and

where /5, V, and ET = E+ V2/2 are the fluid density, velocity,
and specific total internal energy, respectively, (R(jt, /) defines
the displacement of points on the control surface, (R = d(R/
dt\x, f i s the stress tensor, q is the heat flux vector, n is a unit
outward normal vector, and (x) denotes the tensor or dyadic
product. For a Newtonian fluid having zero coefficient of bulk
viscosity, the stress tensor (dyadic) is related to the fluid (ther-
mostatic) pressure P and velocity V by

(5)

where /is the unit tensor, ft is the coefficient of shear viscosity,
Re =p* V*L */v? is the flow Reynolds number, the superscript
* refers to a dimensional reference value of a flow variable,
and the subscript c denotes the conjugate dyadic. The heat flux
q is related to the gradient of temperature via Fourier's law,
i.e., q = -kPr-lRe~lVT, where Jc is the coefficient of ther-
mal conductivity, Pr = p*C*/k* is the Prandtl number of the
flow, and C* is the specific heat of the fluid at constant pres-
sure. The coefficients ft and k are assumed to be known func-
tions of the temperature T.

In addition to the foregoing equations, two relations from
classical thermodynamics are also required, in particular, the
equation of state for a thermally perfect gas and the equation

Fig. 2 Unsteady excitations: blade motion, incident vortical and en-
tropic disturbances from upstream, and incident acoustic disturbances
from upstream and downstream.
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relating the internal energy and the temperature for a calor-
ically perfect gas, i.e.,

and E = y~lf= (y-l)~ (6)

respectively, where y is the specific heat ratio of the fluid
(constant pressure to constant volume). It is also useful to
introduce the fundamental thermodynamic identity

fjJP AQ

dS=r-1[d£'+Pd(£~1)] =T~ 1 ^-- -^ (7)P p

where S is the specific entropy of the fluid.

Nonlinear Unsteady Aerodynamic Analyses
The foregoing equations provide a sufficient set for deter-

mining the unknown fluid-dynamic variables. For turbulent
flows these equations describe the behavior of the ensemble- or
Reynolds-averaged values of the time-dependent flow vari-
ables. The effects of random turbulent fluctuations are accom-
modated by including turbulent velocity correlations in the
definition of the stress tensor f. To obtain closure of the mean
flow equations, these correlations are usually related to gradi-
ents in the ensemble-averaged or mean-flow velocity compo-
nents via algebraic eddy viscosity models.

Viscous Flow—Navier-Stokes Equations
Equations that describe the fluid motion at a moving field

point, x = x + (R(jc, t), are obtained from the integral conserva-
tion laws by applying the transport theorem to interchange the
order of time differentiation and volume integration, by ap-
plying Green's theorem to convert the surface integrals to
volume integrals, and by taking the limit of the resulting ex-
pressions as V(t)^Q.56 We find that

dt

= V-J

(8)

(9)

and

+ lETV xV • [fi(V-x)ET] = V • (V- f) - V • q
: (10)

These (conservation) forms of the Reynolds-averaged Navier-
Stokes equations correspond to the integral forms, Eqs. (2-4),
and are usually preferred in numerical simulations, but the
convective forms, i.e.,

and

rpS
~PDt

(11)

(12)

(13)

are also useful. Here, D/Dt = d/dt\t + (V-5c)-V = d/dt\x +
F- v is the material or convective derivative operator, and the
notation : signifies the scalar product of two tensors. The en-
tropy transport equation, Eq. (13), is obtained by combining
Eqs. (10-12) and the fundamental thermodynamic identity (7)
and performing the necessary algebra.

For application to turbomachinery unsteady flows, the field
equations must be supplemented by conditions at the vibrating
blade surfaces and conditions at the inflow and outflow

boundaries. Since transient unsteady aerodynamic behavior is
usually not of interest, a precise knowledge of the initial state
of the fluid is not required. The no-slip condition, i.e., V- (R
for x € <BW, where (R is prescribed, applies at blade surfaces.
In addition, either the heat flux q-nor the temperature Tmust
be prescribed at such surfaces. The total pressure and total
temperature fluctuations at inlet and the incident pressure
fluctuations at inlet and exit must also be specified. The total
pressure and total temperature fluctuations at exit and the
unsteady pressure response at inlet and exit must be deter-
mined as part of the time-dependent solution.

The Navier-Stokes equations are needed if convective non-
linearities and viscous effects are expected to have an impor-
tant impact on the unsteady aerodynamic response of a blade
row. However, for many flows of practical interest the Rey-
nolds number is usually sufficiently high so that the latter are
concentrated in relatively thin layers across which the flow
properties vary rapidly but continuously. These layers gener-
ally lie adjacent to the blade surfaces (boundary layers), down-
stream of the blades (wakes), and in the vicinity of rapid
compressions (shocks). Separate sets of approximate equa-
tions, i.e., reduced forms of the Navier-Stokes equations, can
be constructed and solved to describe the flows in the "outer"
inviscid region and the "inner" viscid regions. Appropriate
methods for coupling the inviscid and viscid solutions are also
needed. If viscous effects are negligible, i.e., if Re —•«>, it is
sufficient to consider only the outer or inviscid flow.

Inviscid Flow—Euler Equations
In the inviscid limit the thicknesses of the viscous layers

become zero, and they can be modeled as surfaces across
which the flow variables are discontinuous. In particular,
boundary layers and wakes become vortex sheets that support
a discontinuity in tangential velocity, and shocks become sur-
faces that support a discontinuity in normal velocity. It is
usually assumed that the boundary layers remain attached to
the blade surfaces and support jumps in velocity from zero at
the "walls" to inviscid values at their "edges." Furthermore,
the vortex-sheet unsteady wakes emanate from the blade trail-
ing edges and extend infinitely far downstream. The integral
forms of the conservation laws are required to describe the
flow over the entire domain of interest. These provide differ-
ential equations in regions where the flow variables are contin-
uously differentiate and "jump" conditions at the surfaces
across which the flow variables are discontinuous.

The field equations that govern continuous, inviscid, fluid
motion (i.e., the Euler equations) are obtained from Eqs. (8-10)
or (11-13) by setting f=- PI and q = 0. These equations must
be supplemented by jump conditions that apply across moving
boundary layers (Bw, wakes *Wm, and shocks SHOT>/I. Here the
subscript n refers to the nth shock associated with the rath
blade. The far-field conditions used in the inviscid approxima-
tion are the same as those indicated earlier for Navier-Stokes
simulations.

The inviscid surface conditions are obtained from the inte-
gral conservation laws, Eqs. (2-4), by setting T - -PI and
q = 0, considering a control volume that contains an element
of a surface of discontinuity, and taking the limit as this vol-
ume collapses into the surface element. The resulting condi-
tions for conserving mass, momentum, and energy at a moving
surface are

(14)

and

(15)

(16)
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respectively, where [ ]] denotes the difference in a flow quan-
tity across a surface of discontinuity, and

(17)

is the fluid mass flux across the moving surface.
Since vortex sheets support a jump in tangential velocity,

i.e., [F] -T;*O, it follows from Eq. (15) that there is no mass
flow across such surfaces. Hence, the conditions

Mf = 0, p] = 0, and [KJ • n = 0 for jc € (Bm or *Wm

(18)

prevail at vortex sheet boundary-layer and wake surfaces. The
first of these applies at the "outer edges" of the viscous layers
and, therefore, also at the solid blade surfaces (the inviscid
flow tangency condition). At shocks, M/^0; so it follows
from Eq. (15) that the tangential component of the fluid veloc-
ity VT must be continuous. The remaining jump conditions,
along with the thermodynamic equations of state, are then
required to determine the shock velocity (R and the changes in
the properties of the fluid as it passes through a shock. The
surface displacement vector (R(#, t) is prescribed at blade sur-
faces, but at wake and shock surfaces it must be determined as
part of the time-dependent solution.

Although the viscous displacement and curvature effects
associated with actual boundary layers, wakes, and shocks are
neglected in a purely inviscid analysis, changes could be made
in the foregoing jump conditions to accommodate them. If so,
the inviscid "outer" region solution could be matched to viscid
"inner" region solutions to provide a solution for the com-
plete flowfield. We refer the reader to the articles by Melnik57

and Lock and Firmin58 for comprehensive reviews on the ap-
plication of such viscid/inviscid interaction concepts in steady-
state aerodynamics.

Numerical Simulations
Extensive research has been conducted in recent years to

develop time-accurate Euler and Reynolds-averaged Navier-
Stokes solution procedures for unsteady flows through turbo-
machinery blade rows. These procedures build on schemes
developed earlier for steady flows in which a sequence of iter-
ative solutions are marched forward in "pseudotime" until a
converged steady state is determined. The calculations for pe-
riodic unsteady flows are marched forward in "real" time
from an initial steady state to a converged periodic unsteady
state. Existing algorithms invariably treat the conservative
forms of the nonlinear field equations in which the unknown
variables are £, J>V, and f>ET. The field equations are solved
subject to boundary conditions at the blade surfaces, e.g.,
the no-slip condition for viscous flows or the flow tangency
condition for inviscid flows. However, shock- and wake-jump
conditions are usually not imposed in inviscid calculations.
Instead, shock and wake phenomena are "captured" by ap-
proximating the conservative forms of the field equations
across surfaces of discontinuity. This tends to smear shock and
wake behavior but considerably simplifies the numerical ef-
fort.

The governing equations are approximated using finite vol-
ume, finite difference, or finite element spatial discretizations,
and the numerical solutions are advanced in time using single
or multistage explicit or implicit time-marching procedures.
Explicit schemes are favored for inviscid flows and implicit
schemes for viscous flows because the high mesh densities
required impose stringent constraints on the stability of ex-
plicit time-marching schemes. Inviscid solutions are usually
determined on sheared //-type grids that cover an extended
blade-passage solution domain (Fig. 3). For viscous calcula-
tions, "inner" O or C grids that wrap around the blades are
used in conjunction with the "outer" H grids. To simulate
blade motion, the meshes are made to deform so that the
computational boundaries coincide with the physical blade

boundaries at all instants of time. In viscous calculations the
effects of turbulence are represented by the inclusion of a
turbulence model, usually one of the algebraic eddy-viscosity
models59'60 widely used in steady flow calculations. Transition
is assumed to occur instantaneously at specified discrete loca-
tions on the blade surfaces.

There are two weaknesses associated with algebraic turbu-
lence models. First, they require extensive "fine tuning" to
accurately predict eddy viscosities in regions of separation and
in wakes. Second, the local turbulent viscosity is based on the
instantaneous local velocity profile; hence, they do not ac-
count for the "history" effects associated with the temporal or
spatial development of the unsteady flow. The use of one- or
two-equation turbulence models has been suggested50'52 to
overcome these weaknesses.

In addition to the limitations placed on the solutions by the
use of simple turbulence and transition models, two other
simplifications are usually introduced that limit the nonlinear
prediction capabilities of current time-marching analyses.
These involve the conditions imposed at the inflow and out-
flow boundaries and the use of a time-lagged circumferential
periodicity condition to relate the flows in adjacent blade pas-
sages. For steady flows the usual procedure is to specify the
total pressure, the total enthalpy, and the flow direction at
inlet and the static pressure at exit. Compatibility relations,
one upstream and three downstream, are then applied along
with the prescribed inlet and exit information to compute the
flow variables at the inflow and outflow boundaries. Also,
the steady flows produced under uniform inflow conditions
will exhibit blade-to-blade periodicity, i.e., F(x + mG) = F(x),
/n = 0± 1, ±2,. . . , whereFis any steady fluid property. Thus,
the solution domain can be restricted to a single, extended,
blade-passage region.

For unsteady flows the incoming disturbances must be pre-
scribed as functions of jc of t that are compatible with the
nonlinear equations of motion. The inlet and exit conditions
must also allow disturbance waves that leave the solution do-
main, i.e., pressure response waves, and entropy and vorticity
waves at exit, to pass through the boundaries without produc-
ing artificial reflections. At present, linearized, one-dimen-
sional, characteristic theory is usually applied to provide inlet
and exit conditions for nonlinear unsteady flow calculations.
The assumption is made that the unsteady perturbations are
plane waves with minimal variation in the circumferential di-
rection. Entropic, vortical, and incoming pressure perturba-
tions are specified at the inlet boundary, and the outgoing
pressure characteristic is extrapolated from the interior of the
solution domain. The incoming pressure perturbation is speci-
fied at the outlet boundary, and the entropic, vortical, and
outgoing pressure characteristics are extrapolated from the
interior. Thus, linear unsteady inlet and exit conditions are
imposed in nonlinear unsteady flow calculations. Since these
are based on one-dimensional characteristic theory, they are
not strictly nonreflecting. Approximate, linear, two-dimen-
sional, nonreflecting, inlet and exit conditions have been pro-
posed,61 but these have not yet been widely implemented into
nonlinear unsteady flow codes.

Fig. 3 Extended blade-passage solution domain and typical H grid
used for unsteady flow calculations.
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In general, the unsteady flows produced by circumferen-
tially and temporally periodic unsteady excitations must be
computed over many, and in some cases all, blade passages.
The number of passages needed depends on the interblade
phase angle a-K^G of the excitation. However, because multi-
passage calculations involve enormous computing times, a
restrictive assumption is usually introduced to limit the com-
putational domain to a single passage. Most investigators im-
pose a phase-shifted periodicity condition, i.e., F(jt + wG,
t -ma/o))=F(x, t), m = 0, ± 1, ±2, . . . , where Fis any un-
steady fluid property.62 This condition implies that an un-
steady excitation at wave number Kn = aG ~ l and frequency o>
will produce a response at the same wave number and fre-
quency, which is a valid consequence only for linear systems.
It allows the solution domain to be restricted to a single blade-
passage region, but a large amount of computer memory is still
needed to store the unsteady flow variables at two periodic
boundaries over an entire period of excitation.

Another approach for reducing the computational domain
employs a dependent variable transformation to rewrite the
governing equations in "time-inclined" computational coordi-
nates.45 This eliminates the storage requirements associated
with phase-shifted periodicity but introduces additional com-
plexity into the solution procedure for the interior flow. Also,
whereas the phase-shifted periodicity condition imposes re-
strictions on the circumferential and temporal behavior of the
unsteady response, time inclining places restrictions only on
the circumferential behavior. Neither phase-shifted periodicity
nor time inclining can be employed if excitations at different
fundamental circumferential wave numbers occur simulta-
neously, for instance at the inlet and exit boundaries. In any
case the use of these procedures places restrictions on the
"nonlinear" response behavior that can be predicted.

Based on a review of the recent literature, the author esti-
mates that 2500 grid points and 1000 time steps per cycle of
excitation are used in a typical, single-passage, time-marching,
Euler calculation. Five cycles are needed to converge the non-
linear inviscid solution to a periodic state, and the entire calcu-
lation requires about 10 CPU min on a Cray YMP. The corre-
sponding numbers for a Navier-Stokes calculation are 12,500
mesh points per passage, 6000 time steps per cycle, 5 cycles to
converge, and 3 CPU hours on a Cray YMP.

The number of grid points just cited are not sufficient to
determine the first-harmonic or linear response, let alone the
higher harmonic or nonlinear responses, in a number of im-
portant applications. These include the prediction of the onset
transonic flutter and of the response of the blading to the
aerodynamic excitations produced by an adjacent blade row.

For example, Giles45 applied a time-marching Euler analysis
to predict the response of a flat-plate cascade to a sinusoidal
wake (vortical) excitation. This cascade has a gap-to-chord
ratio G of 0.5 and a stagger angle 0 of 30 deg and operates
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Fig. 4 Complex amplitude of the first-harmonic unsteady pres-
sure difference acting on the reference blade of a flat-plate cascade
(G= 0.5, 0 = 1)-<»= 30 deg, Af_oo = 0.7) subjected to a harmonic
wake excitation at w = 13.96 and cr = -400 deg.

Fig. 5 In-phase components of the first-harmonic unsteady vorticity
and unsteady pressure for a flat-plate cascade (G - 0.5, 9 = il_ «> = 30
deg, A/-oo = 0.7) subjected to a harmonic wake excitation with
w = 13.96 and a = - 400 deg.

at an inlet Mach number M-^ of 0.7 and flow angle Q_oo of
30 deg. The frequency of the excitation is 13.96 and the inter-
blade phase angle is - 400 deg, corresponding to an incident
wake to blade count ratio of 10/9. The complex amplitudes Ap
of the first-harmonic, unsteady pressure differences, i.e.,
A/? = Re{A/7 exp(/co/)}, acting along the reference blade sur-
face, as determined using the classical linearized analysis of
Smith,6 are shown in Fig. 4. The real and imaginary parts of
A/? represent the pressure differences that are in and put of
phase, respectively, with the normal component of the vortical
gust velocity at the leading edge of the reference blade. Excel-
lent agreement was achieved between the numerical predic-
tions of Ref. 45, which were determined using one-dimen-
sional, nonreflecting, inlet and exit boundary conditions, and
the classical theory prediction shown in Fig. 4, but the time-
marching calculation required 18 cycles on a 200x25 //grid,
followed by 12 cycles on a 400x50 grid.

Contours of the in-phase components of the first-harmonic
unsteady vorticity and the unsteady pressure for this example,
as determined using the linearized analysis of Ref. 30, are
shown in Fig. 5. The vortical gust is convected, without distor-
tion, by the uniform mean flow through the flat-plate blade
row, but the interaction of this simple vortical field with the
blading gives rise to a very complicated pressure (acoustic)
response. The latter contains two propagating acoustic waves,
at interblade phase angles of - 40 and 320 deg that persist in
both the far upstream and the far downstream regions of the
flow. The strongest of these four waves travels upstream in a
direction that is approximately normal to the inlet boundary.
The others travel away from the blade row in directions that
are approximately normal to or parallel with the inlet and exit
boundaries. As a result a numerical calculation on a 400 x 50
grid in which one-dimensional inlet and exit conditions are
applied seems to be adequate to predict the first-harmonic,
inviscid, unsteady, pressure response.

It is easy, however, to construct a more difficult test case.
For example, consider the same flat-plate cascade configura-
tion, but with an incident disturbance to blade count ratio of
1.2, so that the excitation frequency and interblade phase angle
are 15.08 and -432 deg, respectively. The vorticity contour



VERDON: REVIEW OF TURBOMACHINERY 241

Fig. 6 lii-phase component of the first-harmonic unsteady pressure
for a flat-plate cascade (G = 0.5, 6 = fi_ o> = 30 deg, M- «, = 0.7) sub-
jected to a harmonic wake excitation with to = 15.08 and a = - 432 deg.

pattern for this example is similar to that indicated in Fig. 5.
Contours of the in-phase component of the first-harmonic
unsteady pressure response are shown in Fig. 6. Very high
unsteady pressure gradients occur within the blade passages,
and three acoustic response disturbances at a= -74, -288,
and 648 deg persist far upstream and far downstream of the
blade row. The far downstream disturbance at o = 648 deg is
quite strong, and its wave number vector, k = (k%, k^, is in-
clined at an angle of 64 deg measured counterclockwise from
the axial flow direction. Because of the high unsteady gradi-
ents within the blade passage and the strong, oblique, propa-
gating, pressure response downstream of the blade row, the
resolution of this "relatively simple" unsteady flow would
pose a very serious challenge to current time-marching, un-
steady, fluid-dynamic analyses.

Recent Applications
In spite of the present limitations, very sophisticated, time-

marching, nonlinear, unsteady aerodynamic analyses and
codes have been developed and applied to realistic single and
multiple blade-row configurations. Procedures for isolated
cascades of vibrating blades have been developed for fan and
compressor flutter applications. In these analyses, the Euler or
Navier-Stokes equations are solved on grids that deform with
time to account for the blade motion. Inviscid unsteady solu-
tions have been determined for subsonic inlet flows37'38 and for
supersonic inlet flows with subsonic39 or supersonic40 axial
velocity component. Since strong inviscid/viscid interaction
effects are important in fan and compressor flows, a coupled
Euler/integral boundary-layer method41 has been developed to
efficiently account for such interactions. In addition, a time-
marching, Reynolds-averaged, Navier-Stokes solution proce-
dure has been developed42'43 to account more accurately for the
effects of viscous-layer separation on the aerodynamic re-
sponse to compressor blade vibrations.

Several research groups have developed methods for un-
steady flows excited by incident aerodynamic excitations or by
the aerodynamic coupling between adjacent stationary and
rotating blade rows. Here the blades are fixed in the stator or
rotor frame of reference, and the incident excitations or the
relative motions between the adjacent rows give rise to high-
frequency unsteady flows that can excite a forced blade vibra-
tion and/or discrete-tone noise propagation. The analyses
have been applied to study wake/turbine rotor, turbine stator/
turbine rotor, or combustor hotstreak/turbine stator/turbine
rotor interactions. Euler calculations of wake/rotor interac-
tions have been performed44'45 in which incoming wakes were
specified at the inflow boundaries of single turbine blade rows.
The flow in the wakes was assumed to be parallel with uniform
pressure and total enthalpy and a prescribed velocity defect
distribution. Inviscid stator/rotor interactions have been cal-
culated in three dimensions,46 quasi-three dimensions,47 and
two dimensions.48'49 In particular, two-dimensional calcula-
tions for a highly loaded transonic first turbine stage49 have

shown that the propagation and reflection of the shocks that
originate at the trailing edge of the upstream stator can pro-
duce a 40% variation in the lift on the downstream rotor.

Perhaps the most well-known solutions for coupled blade
rows are those based on the Reynolds-averaged Navier-Stokes
calculations performed by Rai for stator/rotor interactions in
two50 and three51 dimensions. Rai's method is actually a hybrid
Navier-Stokes/Euler method in which the thin-layer Navier-
Stokes equations are solved on an inner O grid, and the Euler
equations are solved on an outer H grid. Recently, Giles and
Haimes52 have also provided such a hybrid analysis. Finally,
Navier-Stokes solutions for the migration of a combustor hot-
streak through an isolated turbine stage (stator and rotor) have
been determined by several investigators.53'55

The time-accurate, nonlinear, unsteady flow analyses have
been applied to flat-plate cascades so that nonlinear predic-
tions could be compared with those of classical linearized the-
ory. In general, the time-accurate results for subsonic flows are
in very good agreement with those of classical linearized the-
ory, but problems exist for superresonant subsonic flows,38

i.e., subsonic flows in which an acoustic response persists in
the far field of the blade row. For supersonic flows, the time-
accurate surface-pressure predictions39'40 are in qualitative
agreement with those of classical theory, but the former indi-
cate smeared oblique shocks and contain spurious blade-sur-
face pressure variations in the regions between shock disconti-
nuities. The time-accurate nonlinear analyses have also been
applied to very challenging fan, compressor, and turbine
flows. Reasonable steady and unsteady flow predictions that
are in qualitative agreement with experimental measurements
have been determined. However, reasons for the differences
between the predictions and the measurements have not been
firmly established.

The time-marching codes, although much too expensive at
present for use in design, are receiving a great deal of atten-
tion. They are important because they give researchers a possi-
ble means for investigating and understanding nonlinear and
viscous unsteady aerodynamic phenomena. Therefore, they
can serve a useful role in determining the impact of transonic,
viscous separation, and finite amplitude unsteady excitation
effects on the aeroelastic and aeroacoustic response of blade
rows.

Linearized Unsteady Aerodynamic Analyses
The computational resources required to simulate nonlinear

inviscid and viscid unsteady fluid dynamic behavior will con-
tinue to prohibit the use of such simulations for aeroelastic or
aeroacoustic design. Therefore, approximate analyses, based,
for example, on the high Reynolds number flow and small
unsteady disturbance assumptions, are still needed to provide
efficient predictions of unsteady aerodynamic response phe-
nomena. A significant advantage offered by a linearized invis-
cid approximation is that the first-order unsteady fluid mo-
tions arising from various Fourier modes of unsteady
excitation are not coupled. Hence, it is sufficient to develop
solution procedures for a single harmonic (in t and 77) compo-
nent of a given excitation. Solutions for arbitrary periodic
excitations and arbitrary combinations of such excitations can
then be obtained by superposition.

For small-amplitude unsteady excitations [i.e., \r , | j"_oo| ,
etc., «0(e)<l] the time-dependent inviscid flow can be re-
garded as a small perturbation of an underlying nonlinear
mean or steady background flow. Thus, for example, the non-
linear time-dependent fluid velocity V(x, t) can be expressed as

V(x, t) = V(x) + v(jc, 0 (19)

where V(x) is the local mean velocity, v(x, t) is the first-order
(in e) unsteady velocity, and jc refers to a stationary point in the
field. In addition, Taylor series expansions, e.g.,

(20)
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and surf ace- vector relations, i.e., and

,
= TS + ( ns - — I/is = • • • and Jig = US - I TS • — ITS + • • •

where n x T points out from the page, can be applied to refer
information at a moving (S) blade, wake, or shock surface to
the mean (S) position of this surface.

Equations for the steady and first-order unsteady flow pro-
perties are determined by substituting the foregoing expan-
sions into the full time-dependent Euler equations, equating
terms of like power in e and neglecting terms of 0(e2) or higher.
The first-order or linearized unsteady response to a harmonic
unsteady excitation at temporal frequency co and circumferen-
tial wave number K^ = aG~l will be harmonic in time, e.g.,
v(x, /) = Re{v(jc) exp(/otf)}, and will satisfy a phase-lagged,
blade-to-blade, periodicity condition, e.g., v(x + mG) = v(x)
exp(/ma). Thus, a solution to a time-independent, but com-
plex, linearized unsteady flow problem is required only over a
single extended blade-passage region of the cascade. In addi-
tion, since analytic far-field solutions can be determined,63 the
numerical solution domain can be restricted to a single ex-
tended blade-passage region of finite extent in the axial flow
direction.

The field equations that govern the inviscid zeroth-order or
steady background flow follow from those given previously,
i.e., Eqs. (8-10) or (11-13), after setting f= -PI and q = 0,
replacing the nonlinear time-dependent flow variables, V, P,
3, S, etc., by their zeroth-order counterparts, Vy P, p, 5, etc.,
and setting local temporal derivatives d/dt and surface dis-
placements (R equal to zero. Surface conditions for the zeroth-
order or steady flow follow from Eqs. (14-17). Since (R = 0,
these conditions are imposed at the mean positions of the
blade, wake, and shock surfaces. Blade mean positions Bm are
prescribed, but the mean wake Wm and shock Shm>n locations
must be determined as part of the steady solution. Since the
steady flow remains attached to the mean blade surfaces,
V -n = 0 for x € Bm. Also, the steady pressure and normal
velocity component must be continuous across blade wakes,
and mass, momentum, and energy must be conserved at the
mean shock locations. Note that, if a strong shock impinges on
a blade, the entropy and the tangential component of the fluid
velocity will be discontinuous across its wake.

In addition to the foregoing surface conditions, conditions
must be imposed on the steady flow far from the blade row. If
the departures from uniform flow conditions in the far field
are due solely to the presence of the blade row, the usual
practice is to specify the total pressure, total enthalpy, and the
direction of the uniform inlet flow and the static pressure of
the exit flow. Small steady departures from these uniform flow
conditions are determined as part of the nonlinear mean-flow
solution.

Linearized Unsteady Equations
The linearized unsteady flow can be described via the

conservative or convective forms of the differential field equa-
tions. Here we select the convective forms. Then, after intro-
ducing the first-order thermodynamic relation s=y~lp/P-
p/p, which follows from Eq. (7), to eliminate the density p,
and performing the necessary algebra, we find that the first-
order unsteady perturbation of a rotational and nonisentropic,
steady flow is described by the following system of linearized
Euler equations:

Ds
— + v • VS = 0 (22)

— (v -sV/2) + [(v -sV/2)- V] VDt

JD
Dt (24)

Here s, v, and p are the complex amplitudes of the first-order
entropy, velocity, and pressure, respectively, and D/Dt = /<o +
F-v is a convective derivative operator based on the mean
flow velocity. The linearized unsteady flow can be determined
by solving Eqs. (22-24), subject to the appropriate surface and
far-field conditions.

The linearized flow tangency condition follows from Eq.
(18) and is given by

v - n = [/cor + (F-T)(T- V)r - (r - V)F] - n, x € Bm (25)

The linearized wake-jump conditions also follow from Eq.
(18) and can be expressed in the form

(26)

+ / • • / * i rF-T(T- =0, * € Wm (27)

where r is the complex amplitude of the wake displacement,
the wake mean positions Ww are assumed to coincide with
the mean-flow stagnation streamlines, and K = T-d/i/dr =
- n • dr/dr is the curvature of the mean wake surface. Equa-
tions (26) and (27) provide two independent relations for deter-
mining the jumps in the linearized unsteady pressure [/?] and
normal velocity component [vj -n across each wake. How-
ever, since the wake normal displacement, r-n, is also an
unknown, these relations are not sufficient, unless the jumps
in the steady tangential velocity and density are known across
the wake.

Although not given explicitly here, the linearized equations
that insure that mass, momentum, and energy are conserved to
within first order across a shock are obtained by expanding the
nonlinear time-dependent conditions, Eqs. (14-16), according
to Eqs. (19-21), and performing the necessary algebra. The
resulting expressions govern the jumps in the first-order fluid
properties p, v, and s across moving shocks and the normal
component of the shock displacement r • n. Again, however,
there is one more unknown associated with the unsteady jump
conditions than independent equations. Since the surface con-
ditions are not sufficient for fitting wakes and shocks into an
unsteady solution based on the linearized Euler equations,
additional information will be required.

We have assumed that the mean or steady flow at inlet
(£<£_) is at most a small irrotational perturbation from a
uniform stream. By Kelvin's theorem, a similar condition will
apply far downstream (£>£+) if no strong shocks are present
in the flow. Small steady or unsteady perturbations of a uni-
form freestream are governed by constant-coefficient field
equations for which analytical solutions can be determined. In

.particular, it can be shown that a small-amplitude unsteady
perturbation of a uniform mean flow can be decomposed into
distinct entropic-, vortical-, and acoustic-type modes.64'65 The
entropic and vortical disturbances are convected without dis-
tortion by the uniform mean flow, and the vortical disturbance
has a divergence-free velocity field. The acoustic disturbance is
directly related to an irrotational velocity fluctuation, i.e.,
p = - pD<£/D/, and its kinematical behavior is quite different
from that of a vortical or entropic disturbance.

Each of the foregoing modes of unsteady motion, i.e.,

(28)

VDs
-— (23)

and
(29)

:* (30)
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is a solution of the governing equations and can therefore be
imposed on a uniform flow independently of the others. The
circumferential wave number ^>=FOO of a disturbance is oG~l.
The axial wave number ^,TOO of an entropic or vortical distur-
bance is determined by the relation co= -jc_oo • V-^- The at-
tenuation constant 13^^ and axial wave number ^>SFOO of an
acoustic excitation also depend on the inlet/exit freestream
velocity, the temporal frequency, and the circumferential wave
number of the excitation, but via more complicated relationships.

Equations (28-30) indicate the far-field information that
must be supplied to determine a linearized unsteady flow solu-
tion. In particular, the interblade phase angle a, the temporal
frequency o>, the complex amplitudes (at x = 0) of the entropic
5.00 and vortical £_«, excitations at inlet, and the pressure
P/,=FOO excitations at inlet and exit must be prescribed. Usually
only acoustic excitations that are of propagating type
(/S^oo = 0) are considered. Acoustic response disturbances that
travel away from the blade row and entropic and vortical
disturbances that are convected through the downstream
boundary must be determined as part of the unsteady solution.
It should be noted that if strong shocks are present in the
inviscid flow, the far downstream steady velocity will not be
uniform. An analytic solution for a pressure excitation from
downstream [indicated by the subscript + oo in Eq. (30)] is not
available in this case.

Isentropic and Irrotational Mean Flow
If any shocks that occur in the flow are, at most, of weak

to moderate strength, then the steady background flow can
be regarded as isentropic (with 5 = 0) and irrotational; i.e.,
V = V4>, where $ is a steady velocity potential. In this case, the
mass conservation equation for the underlying steady flow is

(31)

and the momentum equation can be integrated to yield the
following (Bernoulli) relations for the mean-flow variables:

(32)

where M and A are the local steady Mach number and speed
of sound propagation, respectively. The flow tangency condi-
tion, V$-AI =0, applies at the blade surfaces Bw, and the
steady pressure and normal velocity component must be con-
tinuous across blade wakes Ww. Since entropy and vorticity
changes across shocks Shm>n are regarded as negligible, the
mass, momentum, and energy conservation laws cannot all
be enforced at such surfaces. The usual practice is to require
only that mass and tangential momentum be conserved, i.e.,
[pF] •« =0 and [F] -r = 0, respectively.

Numerical procedures for determining two-dimensional
steady potential flows through cascades have been developed
extensively, e.g., see Refs. 66 and 67, particularly for flows
with subsonic relative inlet and exit Mach numbers (i.e.,
MTOO<1). In such calculations a Kutta condition is usually
imposed at blade trailing edges in lieu of prescribing an exit
freestream flow property. Also, the usual practice is to solve
the conservative form of the mass-balance equation, Eq. (31),
throughout the entire fluid domain. Thus, shock-jump condi-
tions are not imposed. Instead, as in nonlinear Euler calcula-
tions, shocks are captured through the use of special differenc-
ing techniques. In potential calculations the wake conditions
are satisfied implicitly because the steady fluid properties are
continuous and differentiable across wakes.

Unsteady Perturbation
As indicated by Goldstein,65'68 the system of field equations

that governs the linearized unsteady perturbation of a po-
tential mean flow can be cast into a very convenient form

by decomposing the unsteady velocity into rotational (VR) and
irrotational (V</>) parts. The rotational velocity VR is taken to
be divergence free far upstream of the blade row, i.e.,
V • VR s 0 for £ < £ _ , and the unsteady pressure_depends only
on the potential </> through the relation p = -pD</>/Df. How-
ever, for realistic blade profiles, VR -n and hence V0-« will be
singular along the mean blade and wake surfaces. Therefore,
Atassi and Grzedzinski69 introduced a modified form of the
Goldstein decomposition, i.e.,

V = V* + V</> = VR + + V(/> (33)

to facilitate the numerical resolution of the velocity potential
</>. Here, </>* is a convected or pressureless potential (i.e., D</>*/
Dt = 0) that satisfies the condition V</>* -n = - VR • n at blade
and wake mean positions.

The system of field equations that governs the linearized
unsteady flow variables s, VR , and </> is determined by substitut-
ing the velocity decomposition, Eq. (33), into the linearized
Euler equations, Eqs. (22-24), to obtain

\ r / \ ~i

^H (**-*?)•*
and

= p~ l v

(34)

(35)

(36)

These equations are coupled only sequentially; hence, they can
be solved in succession to determine the complex amplitudes of
the entropy s, rotational velocity VR, and velocity potential </>,
respectively. Moreover, closed-form solutions30'65 can be de-
termined for the entropy and rotational velocity fluctuations
in terms of the known conditions at inlet. The velocity poten-
tial </> is governed by a second-order partial differential equa-
tion, along with conditions at the blade, wake, and shock
surfaces and at the inlet and exit boundaries, and must be
determined using numerical field methods.

Entropy and Rotational Velocity
We introduce the Lagrangian independent variable, X-

v> where

= jc_ • eT dr*

= x--eN+\*x p(ez x V) - dr
(37)

are the drift and stream functions, respectively, of the steady
background flow. The unit vectors eT, eN( = ezxeT) and ez
point in the inlet freestream direction, normal to the inlet
freestream direction, and out from the page, respectively; jc_
is the position vector to the point of intersection (£ _ , r/ _) of the
reference blade (m = 0) stagnation streamline and the axial line
£ = £ _ ; dr* is a differential element of arc length along a
streamline; and dr is a differential vector tangent to the path
of integration.

The solutions to the entropy, Eq. (34), and rotational veloc-
ity, Eq. (35), transport equations can be expressed in the
form65

s(x) = s_o
and

(38)

(39)

where GL-.<x> = vR,-00-S-<x>V-00/2. Since f_oo = /*c-
and the rotational velocity is divergence free far upstream of
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the blade row, the vectors *_«> and , are orthogonal and
,

For realistic configurations the steady background flow
stagnates at blade leading edges. Therefore, the drift function
has a logarithmic singularity, i.e., A^00&i«, at the mean blade
and wake surfaces, and the rotational velocity is singular at
such surfaces. A convected potential of the form69

(40)

where

27T(1 - i

:sm
G cosQ_c

(41)
insures that v*-n =(VR + V </>*)•« =0 at the mean blade and
wake surfaces and, hence, that V0-/I is finite at such surfaces.

The unsteady flow variables s, VR , and </>* can be evaluated
once the drift and stream functions of the steady background
are determined. The unsteady potential </> can then be found
numerically as a solution of the field equation (36) subject to
the appropriate surface and far-field conditions. The flow tan-
gency condition (25) with V= V$ and v -n = V<£-/i applies at
the mean blade surfaces Bw. Since the irrotational steady ve-
locity and density are continuous downstream of the blade
row, the linearized unsteady pressure and normal velocity
component are continuous across the mean wakes Wm, i.e.,
[D<£/DfJ =0 and [V</>] •/* =0. Finally, if we neglect changes
in entropy [sj and vorticity [f] across shocks and combine
the conservation laws for mass and tangential momentum, we
obtain the following condition for determining the jump in 0
across a shock (x € Shw>w) that terminates in the fluid:

'(

V*-T) (42)

where r-n = — ([V*] -n)~l [0] is the shock displacement
normal to the mean shock locus. The velocity potential fluctu-
ations in the far upstream and far downstream regions depend
on the prescribed acoustic excitation as well as the acoustic and
vortical response of the cascade. We can set <£(*) =
<fe(*) + <I>R (x) for £ ̂  £/, =F , where </>E accounts for acoustic exci-
tations and is therefore prescribed, and <fo is associated with
the response of the blade row and therefore must be deter-
mined as part of the unsteady solution. Analytic solutions for
</>/? can be determined63 that satisfy the requirements that
acoustic response disturbances either attenuate with increasing
axial distance from the blade row or propagate carrying energy
away from or parallel to the blade row and that vorticity must
be convected downstream. These solutions can be matched to
a near-field numerical solution to close the boundary-value
problem for the unsteady potential.

Aeroelastic Response Parameters
Solutions to the foregoing nonlinear steady and linearized

unsteady flow problems are required to determine the aerody-
namic response information needed for blade-row aeroacous-
tic and aeroelastic predictions, i.e., the unsteady pressure re-
sponse at inlet and exit and the unsteady pressures acting at the
moving blade surfaces. We will proceed to describe the local
and global unsteady aerodynamic response parameters that are
used in linear aeroelastic investigations, but refer the reader to
Ref. 70 for more detailed information.

The pressure acting at the instantaneous position of the
reference (m = 0) blade surface is given by

where p& = Re (p® exp(/otf)}, p® = [p + (r • V)P] B. T measures
distance in the counterclockwise direction along the blade sur-
face, and the subscripts (B and B refer to the instantaneous and
mean blade surfaces, respectively. The first two terms on the
right-hand side of Eq. (43) are the steady and the first-har-
monic unsteady pressures acting at the moving blade surface.
The third term is the anharmonic unsteady pressure associated
with shock motion and is determined by analytically continu-
ing the steady and the first-harmonic unsteady solutions from
the mean to the instantaneous shock locations.71 Although the
unsteady pressure response is not everywhere harmonic, its
integral over a blade surface and, consequently, the first-order
global unsteady aerodynamic loads are harmonic in time.72

For aeroelastic calculations, it is convenient to introduce a
set of generalized forces corresponding to a set of independent,
but otherwise arbitrary, structural deformation modes. For
this purpose, the reference blade displacement can be ex-
pressed in the form

t) =

= Re[rj,(*)exp(i«0] (44)

where the generalized coordinate df(t) describes the amplitude
of the motion in the /th mode, Rj(x) is a real vector function
that describes the shape and direction of this displacement,
and we have used the subscript B to indicate blade displace-
ment. The /th generalized force is then defined as

(45)

where the unit normal vector n points out from the blade
surface, and Qf and §/ = Re[gr/ exp(/o>l)] are the steady and the
first-harmonic unsteady components, respectively, of the time-
dependent generalized force Qt(t). After replacing the surface
integration in Eq. (45) by an integration over the mean blade
surface and performing some algebra,70 we find that

+P<&n - [P] t dr (46)

P(T<B, 0 = P(rB) + AB(TB, 0 + , 0 + (43)

where qitT is the distributed /th generalized force, rShn B =
(rshn ~rB)"TB is the complex amplitude of the relative shock
displacement along the moving blade surface, 5(r) is the Dirac
delta function, and the subscript Shn refers to the mean nth
shock location.

Two time-independent, real parameters that are also useful
in describing the aerodynamic response to prescribed blade
vibrations are the work per cycle Wc and the pressure displace-
ment function w(r). The former is the work done by an
air stream on a given blade over one cycle of its motion. There-
fore, a prescribed blade motion is stable, neutrally stable, or
unstable according to whether the work per cycle is less than,
equal to, or greater than zero, respectively. The pressure-dis-
placement function describes the distribution of the work per
cycle over a blade surface. If the blade motion is expressed in
terms of generalized coordinates, as in Eq. (44), then

Im

(47)

where the superscript * denotes the complex conjugate.
An important special case for turbomachinery aeroelastic

calculations is one in which each incremental two-dimensional
blade section vibrates in a rigid-body mode consisting of a
translation in the y direction and a counterclockwise rotation
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about an axis at x=xp. In this case, rB =b\ey +62(^ x/?P),
where the vector RP extends from the mean position of the
reference blade axis of rotation xp to a point on the mean
reference blade surface. The generalized forces q\ and q2
represent, therefore, the first-harmonic unsteady aerodynamic
lift and moment about the fixed axis at x =xp. We find that
ql=f-ey9 ^2 = ̂ (p + 52M/>, and JTc = 7rIm(6*/-e),+6*tfV),
where f-ey and m® are the complex amplitudes of the first-
harmonic unsteady aerodynamic lift and moment about the
moving pitching axis at #=*#, respectively, and MP is the
zeroth-order or steady moment about the mean pitching axis at
X=XP.

Linearized Solution Methods
Numerical procedures for calculating unsteady perturba-

tions of isentropic and irrotational steady background flows
have received a great deal of attention. Recent developments
include the prediction of discontinuous unsteady transonic
flows excited by blade vibrations29 and the prediction of the
unsteady subsonic flows excited by vortical gusts.30'31 Poten-
tial-based linearizations are very efficient, requiring only
about 10 CPU s on a Cray YMP. At present, work is proceed-
ing to apply such analyses in blade row aeroelastic73'74 and
aeroacoustic75 studies and to couple linearized inviscid analy-
ses to unsteady viscous-layer analyses to provide weak and
strong inviscid/viscid interaction (IVI) solution capabilities for
unsteady cascade flows.76'77

Two potential-based unsteady aerodynamic linearizations
called FINSUP and LINFLO have received wide application.
The FINSUP analysis22'25'27'67 applies at subsonic and super-
sonic inlet and exit Mach numbers and to unsteady flows ex-
cited by prescribed blade motions and acoustic excitations at
inlet and exit. Here, the nonlinear steady and the first har-
monic unsteady equations are approximated on a fixed, un-
structured, triangular mesh using a finite element spatial dis-
cretization. Shock effects are captured in both the nonlinear
steady and the linearized unsteady analyses. The steady equa-
tions are solved using a Newton iteration procedure in which
each member of a sequence of approximations to the nonlinear
steady solution are determined by direct matrix inversion via
Gaussian elimination. The complex linear unsteady equations
are solved directly using a similar inversion procedure.

The LINFLO analysis26'28"30 applies at subsonic inlet and
exit Mach numbers and to unsteady cascade flows excited by
prescribed blade motions, entropic and vortical excitations at
inlet, and acoustic excitations at inlet and exit. LINFLO treats
only the linearized unsteady flow problem; therefore, steady
background flow information must be supplied as input for an
unsteady flow calculation. For the most part, the cascade,
full-potential analysis of Caspar66 has been used for this pur-
pose. The linearized unsteady equations are discretized, using
an implicit, least-squares, finite difference approximation78 on
a fixed composite mesh,29 consisting of a blade-passage H
mesh and a local C mesh that wraps around a blade. Although
the H mesh alone is usually sufficient for resolving subsonic
flows, the local mesh allows an accurate modeling of leading-
edge and shock phenomena. Shocks are captured in the steady
analysis but fitted in the linearized unsteady calculation via the
implementation of the shock-jump condition, Eq. (42).

A linearized Euler analysis was first proposed by Ni and
Sisto79 so that strong shock effects could be taken into acount
in unsteady flow calculations. However, because of the associ-
ated computing requirements, significant progress has been
achieved only recently. In particular, Hall and Crawley32 ap-
proximated the conservative forms of the nonlinear steady and
the first-harmonic unsteady Euler equations on a fixed H grid
using a finite volume discretization. The steady equations are
solved via Newton iteration. Successive approximations to the
final steady solution, as well as a direct linearized unsteady
flow solution, are obtained by applying Gaussian elimination
to a large sparse system of linear algebraic equations. Results,
determined by shock fitting, for a two-dimensional unsteady

flow through a hyperbolic channel show an excellent definition
of unsteady shock phenomena. In particular, the calculated
moving shock remains normal to the channel walls at all times,
and the amplitude of the shock displacement varies along the
shock, decreasing with increasing shock strength.

Because of the difficulties anticipated in implementing a
direct solution procedure for three-dimensional flows and in
fitting shocks and wakes in complicated two- and three-dimen-
sional unsteady cascade flows, Hall and Clark33 have recently
proposed a time-marching Euler procedure for steady and lin-
earized unsteady flows. Here, the conservative forms of the
nonlinear steady and first-harmonic unsteady Euler equations
are solved by advancing solutions in pseudotime to steady
and periodic unsteady states, respectively, using Ni's80 Lax-
Wendroff technique. Shocks and wakes are captured in both
the steady and the unsteady flow calculations. The linearized
unsteady equations are solved on a harmonically deforming H
grid, thereby ayoiding the need to approximate the mean-flow
gradient terms [i.e., ( r -V)Kin Eq. (25) and r- VP, see Eq.
(43)] that arise from transferring surface information from the
instantaneous to the mean surface locations. The method re-
quires approximately 1 CPU min of time on a Cray YMP for
a representative, two-dimensional, subsonic calculation. Re-
sults for subsonic flat-plate and compressor cascades are in
very good agreement with those of classical and full-potential
based unsteady aerodynamic linearizations, respectively.

Example Response Predictions
Theoretical results will be presented to indicate the status of

linearized unsteady aerodynamic prediction methods and to
demonstrate several important features associated with the
aerodynamic response of isolated two-dimensional blade rows
to prescribed blade vibrations and vortical disturbances at in-
let. We consider two compressor-type cascades, both operat-
ing at subsonic inlet conditions. The first, a high-speed com-
pressor cascade, consists of cambered NACA 0006 airfoils and
operates at an inlet Mach number of 0.8; the second, a com-
pressor exit guide vane (EGV), consists of highly cambered
NACA 0012 blades and operates at an inlet Mach number of
0.3.

These configurations can serve as useful benchmarks for
evaluating various unsteady aerodynamic prediction methods.
Indeed, the NACA 0006 cascade has been designated as one
of the standard cascade configurations81 for establishing a
theoretical and experimental data base for unsteady cascade
flows. Consequently, a number of investigators have applied
linearized analyses, both potential based and Euler, and time-
marching Euler and Navier-Stokes simulations to this configu-
ration. Thus far, the result comparisons have been encourag-
ing. In particular, Huff82 has applied a nonlinear Euler analysis
to several of the transonic cases reported herein and has found
very good agreement between his nonlinear and the linearized
response predictions.

Here, the steady background flows are assumed to be isen-
tropic and irrotational and to satisfy a Kutta condition at blade
trailing edges. Therefore, only information on the inlet
freestream conditions, e.g., inlet Mach number and flow an-
gle, is required to calculate the steady flowfields. The lin-
earized unsteady flows through the NACA 0006 cascade are
excited by prescribed single-degree-of-freedom (SDOF) blade
motions at unit amplitude, (| 5/| = 1); those through the EGV,
by prescribed vortical gusts with vR^00-eN = (\, 0). These un-
steady excitations are termed subresonant if all acoustic re-
sponse waves attenuate with increasing axial distance from the
blade row and superresonant (m, n) if m and n such waves
persist far upstream and/or far downstream, respectively, and
carry energy away from the blade row. An acoustic resonance
occurs if at least one wave persists in the far field and carries
energy along the blade row.

Theoretical results, including steady Mach number distribu-
tions and global and local unsteady aerodynamic response
predictions, are presented in Figs. 7-12. The steady-flow pre-
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Fig. 7 Surface Mach number distributions for the transonic NACA
0006 cascade: M-«, = 0.8, ft-«, = 58 deg.
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Fig. 8 Work per cycle vs interblade phase angle for unit frequency,
SDOF motions of the transonic NACA 0006 cascade: B, E, and T
denote bending, chordwise bending (elastic), and torsional blade mo-
tions, respectively; a) work per cycle, b) work per cycle due to shock
motion.

dictions have been determined using the cascade full potential
analysis of Ref. 66; the unsteady results, using the LINFLO
analysis. The unsteady transonic solutions for the NACA 0006
cascade have been determined on a composite (H/C) mesh.
Subsonic solutions for the EGV and a corresponding flat-plate
cascade have been determined using an H mesh alone. More
extensive results for the NACA 0006 and the EGV configura-
tions can be found in Refs. 29, 30, 70, and 77.

Transonic NACA 0006 Cascade
This cascade has a stagger angle 0 of 45 deg and a gap/

chord ratio G of unity and operates at an inlet Mach number
M_oo of 0.8 and flow angle Q_oo of 58 deg. The blades are
constructed by superposing the thickness distribution of a
NACA 0006 airfoil on a circular-arc camber line having a
height at blade midchord of y =0.05.70 The mean or steady
flow through the cascade is transonic with a single normal
shock occurring in each blade passage. The predicted blade-
surface Mach number distributions are shown in Fig. 7. The
transonic mean flow stagnates on the pressure surface at

x = 0.002, and the normal shock impinges on the suction sur-
face at x = 0.257. The Mach numbers at the base of the shock
are 1.292 on the upstream side and 0.794 on the downstream
side, and the exit Mach number and flow angle are 0.432 and
40.3 deg, respectively. The mean lift force acting on each blade
is 0.412, and the jump in the steady pressure at the base of the
shock, [PB]|, is -0.494.

Work per cycle predictions are given in Fig. 8 for pure
bending (R=ey)9 pure torsional (R =ezxRP) about midchord
(xp = 0.5, 0), and pure chordwise bending or elastic (R = ey sin
TTX) modes of blade vibration at unit amplitude 16/1 = 1 and
unit frequency co = 1. The vertical lines above the curves denote
the resonant interblade phase angles for a unit-frequency exci-
tation. The curves in Fig. 8a indicate that the SDOF bending,
torsional, and chordwise bending motions at unit frequency
are stable (Wc<fy and that the torsional vibrations have the
lowest stability margin. They also indicate the rather compli-
cated nature of the global unsteady aerodynamic response as-
sociated with realistic cascade flows, which results from the
different acoustic responses [i.e., subresonant, super resonant
(1,0), etc.] produced by unit-frequency excitations at different
interblade phase angles. Note that abrupt changes in global
unsteady aerodynamic response behavior appear at the in-
terblade phase angles at which an acoustic resonance occurs.

As noted previously, there are two contributions to the un-
steady airloads for a discontinuous transonic flow: one arising
from the first harmonic unsteady pressure response and the
other arising from the anharmonic pressure response associ-
ated with shock motion. Shock-induced work per cycle re-
sponses, i.e., Wc,sh = Im [rSh>B([P5]j nB -r%)sh }, for the tran-
sonic NACA 0006 cascade are shown in Fig. 8b. These results
indicate that the shock loads tend to support the unit-fre-
quency bending and chordwise bending motions over a broad
range of interblade phase angles, i.e., 70 deg <a<240 deg.
Also, these loads become quite severe for interblade phase
angles near the upstream resonance condition, a = a+00. The

Fig. 9 Pressure-displacement function distribution for the transonic
NACA 0006 cascade due to an in-phase torsional vibration about
midchord at a? = 1.0.

Fig. 10 Mach number contours for steady flow at M- 0
ft-oo = 40 deg through the EGV cascade.

= 0.3 and
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pure torsional motions at co = 1 give rise to relatively smaller
shock loads, and these usually act to resist or stabilize the
blade motions.

A benefit of using the work per cycle to describe global
unsteady aerodynamic response behavior is that the responses
to different modes of blade motion, including coupled modes,
can be represented via this single, real, global response param-
eter. The pressure displacement or local work per cycle func-
tion serves the same purpose for describing the local response.
A pressure displacement function distribution for the tran-
sonic NACA 0006 cascade is shown in Fig. 9 for a case in
which the blades undergo a unit-amplitude, in-phase (a = 0
deg), torsional motion about midchord at co= 1.0. The work
per cycle Wc for this in-phase motion is -0.92, and that due
to the concentrated shock load Wc,sh* indicated by the arrow
in Fig. 9, is -0.23. Thus, the blade motion is stable, and the
shock load contributes significantly to the stability margin.
The first-harmonic, local, unsteady loads just downstream of
the shock act to enhance or destabilize the in-phase torsional
blade motion, but over most of the blade surface these local
unsteady airloads suppress the motion.

Compressor Exit Guide Vane
The EGV has a stagger angle 0 of 15 deg and a blade spacing

G of 0.6 and operates at a prescribed inlet Mach number M_oo
of 0.3 and inlet flow angle Q_<x> of 40 deg. The blades are
constructed by superposing the thickness distribution of a
NACA 0012 airfoil on a circular-arc camber line having a
height at midchord of 7 = 0.13. The calculated steady Mach
number contours for this configuration are shown in Fig. 10.
The exit Mach number and exit flow angle are 0.226 and - 7.4
deg, respectively, and the mean lift force acting on each blade
is 0.36.

We consider unsteady flows that are excited by inlet vortical
disturbances, and we examine the behavior of the unsteady
vorticity and pressure fields that result from the interaction
between the EGV and a vortical gust defined by vR^<x>-eN =
(1, 0), co = 5, and a= -2ir. In addition, we will examine the
unsteady moment responses of the EGV and a corresponding
flat-plate cascade (i.e., 9 = Q = 40 deg, G =0.6, and M = 0.3)

0.4

Re{m}

•EGV
• Flat plate (LINFLO)
• Flat plate (CLT)

Im{m}

Fig. 11 Contours of the in-phase components (real parts) of the un-
steady vorticity and the unsteady pressure for the EGV cascade sub-
jected to an incident vortical gust with v/?,_oo-ejv = (l, 0), co = 5, and
a= -2*.
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Fig. 12 Unsteady moment about midchord vs interblade phase angle
for the EGV and corresponding flat-plate cascades subjected to vorti-
cal gusts with v/?,_oo-^ = (l, 0), and « = 5.

to vortical excitations at vR9-00-eN = (l, 0), co = 5, and
-37r<a<-TT. Npte that the unsteady moments are taken
about midchord (jcp = 0.5, 0), and the mean positions of the
flat-plate blades are aligned with the inlet freestream flow
direction.

Contours of the real parts of the complex amplitudes of the
unsteady vorticity Re{ f} = Re{ f }ez and the unsteady pressure
Re(/?} for the EGV are shown in Fig. 11. As indicated, the
vortical gust is distorted as it is convected by the nonuniform
mean flow through the EGV blade row. The mean flow stag-
nates in the vicinity of the blade leading edges, and conse-
quently the vortex lines are severely stretched through thin
regions adjacent to the mean blade and wake surfaces. In
addition, since the vorticity is convected at different mean
velocities along the upper and lower surfaces of the EGV
blades, an observer moving across the wake of an EGV blade
would encounter strong and abrupt changes in vorticity. The
unsteady pressure field that arises from the interaction of this
vortical gust with the EGV blade row is depicted at the bottom
of Fig. 11. This pressure response is superresonant (1,1). A
relatively strong acoustic response wave persists far upstream
and carries energy away from the blade row; a very weak wave
persists far downstream.

The unsteady moments (m) that act on the reference blades
of the EGV and the corresponding flat-plate cascade are plot-
ted vs interblade phase angle in Fig. 12 for vortical excitations
at v /?)_00-eN = (l, 0), co = 5, and -3?r (-540 deg)<a<-7r
(-180 deg). Here, the excitations at a= -404.2 and -293.9
deg produce resonant acoustic response disturbances far up-
stream and far downstream of the flat-plate blade row and far
upstream of the EGV; those at a= -414.3 and -308.8 deg
produce such responses far downstream of the EGV. The vor-
tical gusts are convected without distortion by the uniform
mean flow through the flat-plate blade row, i.e., the rectilinear
vorticity contour patterns that exist far upstream of the EGV
persist throughout the flat-plate flowfield. The results in
Fig. 12 indicate that gust distortions, due to mean-flow non-
uniformities, have a substantial impact on the unsteady mo-
ment responses to vortical excitations. Note that the LINFLO
and classical linear theory (CLT)6 moment predictions for the
flat-plate cascade are in excellent agreement.
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Concluding Remarks
Two distinct approaches are being actively pursued to pro-

vide more accurate unsteady aerodynamic response informa-
tion for turbomachinery aeroelastic and aeroacoustic design
applications. In one, the time-dependent, nonlinear equations
that describe viscid (i.e., the Reynolds-averaged Navier-Stokes
equations) or inviscid (the Euler equations) fluid motion are
solved by advancing numerical calculations in time until a
converged periodic unsteady state is determined. In the other
or more traditional approach, inviscid (Re^<x>) and small un-
steady disturbance assumptions are invoked to obtain time-in-
dependent, nonlinear, steady and linearized, unsteady equa-
tions that are solved sequentially to determine the steady and
first-harmonic, unsteady inviscid flow properties. A very en-
couraging sign, at present, is that good agreement is being
achieved between the results of the nonlinear, time-marching
and the linearized frequency domain analyses for inviscid un-
steady cascade flows driven by small-amplitude excitations.

Ail extensive effort has been under way to establish theoret-
ical and experimental data bases on unsteady flows through
selected two-dimensional cascades. The latter are referred to as
the standard cascade configurations.81'83'84 The goals of this
effort are to provide convenient means for evaluating and
comparing the results of different theoretical analyses and for
assessing theoretical predictions through comparisons with ex-
perimental measurements. At present the theoretical results
for a number of the standard configurations seem to be com-
ing together; however, substantial agreement between analysis
and experiment has been achieved only for the low-speed,
low-frequency, unsteady flows through a vibrating, compres-
sor blade row, studied experimentally by Carta.85 Major diffi-
culties must still be overcome to construct useful experiments
and to provide benchmark data for the high-speed, high-fre-
quency unsteady flows of practical interest. Thus, in the near
term, theoretical procedures, founded on very limited experi-
mental confirmation, will have to be relied on to provide the
unsteady aerodynamic response information needed for aeroe-
lastic and aeroacoustic design applications.

The computational requirements associated with time-accu-
rate numerical simulations of nonlinear unsteady flows will
continue to prohibit their implementation in aeroelastic or
aeroacoustic design prediction systems. Thus, traditional
methods must still be developed so that useful aerodynamic
response information can be provided. Inviscid unsteady aero-
dynamic linearizations offer great promise for meeting the
needs of designers for efficient solutions that contain much of
the essential physics of practical unsteady cascade flows. How-
ever, methods must be developed to account for viscous
displacement effects within a framework that includes a lin-
earized inviscid analysis. A linearization of the viscous equa-
tions of motion may not be suitable for this purpose. If not, it
will be necessary to couple linearized inviscid and nonlinear
viscouss-layer analyses, using an appropriate interaction law, to
provide a useful inviscid/viscid interaction analysis for un-
steady cascade flows. The traditional approach must also be
extended for application to three-dimensional unsteady flows.
Since strong shock phenomena do not usually play a critical
role, a potential-based linearization is probably adequate for
two-dimensional applications. However, since vortical effects
associated with swirling mean flows are expected to be impor-
tant, the linearized Euler approach is the natural one to con-
sider for future extension to three-dimensional flows.

The major disadvantages of linearized inviscid and high
Reynolds number inviscid/viscid interaction analyses are that
they will have limited ranges of application, and they are diffi-
cult to develop. Thus, research to provide time-accurate nu-
merical solutions for fully nonlinear unsteady flows must also
continue. In the near term, this work should be directed to-
wards providing a reliable "numerical test facility" for un-
steady cascade flows. This facility could be used to determine
the relative importance of the nonlinear effects associated with
shock behavior, viscous separation, finite amplitude excita-

tion, etc. It could also be used to indicate the regions of valid-
ity of approximate analyses and to provide unsteady aerody-
namic response information in parametric regions in which the
approximate methods fail.
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